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SUMMARY 
Completely symmetrical e l a s t i c  systems a r e  analysed i n  
the v i c i n i t y  of c r i t i c a l  s t a t e s  which are rea l ized  simulta- 
neously o r  near ly  s o  by a l l  the coordfnates of deformation. 
It is  shown t h a t  uncoupled and coupled modes of e l a s t i c  
deformation m a y  occur i n  equilibrium and i n  motion. S ta -  
b i l i t y  of the systems is  examined under conservative 
conditions and severa l  cri teria are obtained f o r  the onset 
of motion from unstable equilibrium states when conditions 
of symmetry p r e v a i l  within the system. 
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I N T R O D U C T I O N  
Many two- and three-dimensional structural systems fall 
into the category of the so-called completely symmetrical 
discrete system which consist of a finite number of elastic 
elements (the simplest type may be a prismatic rod). defor- 
mation of such systems may be described completely by a 
finite number of coordinates which represent rotations and 
displacements in space at some point or station on the elastic 
body,, The generalized coordinates may therefore take positive 
and negative values. 
metrical if its total potential energy functional is inde- 
pendent of the sign in the variations of these coordinates. 
One such example are pin-jointed elastic systems under con- 
servative loading conditions, e .go slender trusses, space 
frameworks, reticulated surfaces and domes, to mention a 
few. 
A system is said to be completely sym- 
Systems of this kind possess several distinct properties 
which dominate their behaviour in equilibrium and in motion, 
Realization of unstable equilibrium states under conservative 
conditions and the capacity of a system for converting its 
total potential into kinetic energy from such states may be 
the most important properties from a pragmatic point of view. 
The first onset of elastic instability may occur in a critical 
state at no or very lfttle p f o r  deformstfon when hmnchfng 
- of unstable equilibrium configurations becomes possible a Of 
particular interest are systems in which all or a dominant 
set of equally critical generalized coordinates are realized 
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simultaneously o r  near ly  S O .  Under per fec t  conditions t h i s  
m a y  occur i n  an a l l - c r i t i c a l  s ta te ,  but i n  the  presence of 
d i s t i n c t  types of geometrical deviat ions o r  imperfections 
severa l  c r i t i c a l  s ta tes  may accumulate i n  the proximity of 
one another. In e i the r  case several  pa t t e rns  o f  e las t ic  
def ormation m a y  r e s u l t .  
deformatlon m a y  thus be coupled i n  a simultaneous onset of 
e l a s t i c  buckling. Branching equilibrium paths may be a l s o  
s table ,  s o  t h a t  buckling is notalwaysaccompanied by unstable 
motion. Forms of coupled equilibrium paths have been s tudied 
r ecen t ly  by Chilver' and Supple,' 
t h a t  highly non-linear equilibrium paths m a y  e x i s t  i n  the 
proximity of two adjacent  c r i t i ca l  states 
Otherwise uncoupled modes of e las t ic  
These authors point  out 
The present paper discusses  the  forms of equilibrium 
pa ths  i n  the v i c i n i t y  of an a l l - c r i t i c a l  state and t h e  sta- 
b i l i t y  of completely symmetrical systems i n  the so-called 
coupled modes of elastic buckling. 
condi t ions which m a y  give r i s e  t o  accumulation of' severa l  
c r i t i c a l  s t a t e s  and therefore  t o  stable and unstable coupled 
buckling are examined on systems w i t h  two degrees of freedom. 
The paper a l s o  points  out i n  a f e w  systematic s teps  a general  
method by which s t a b i l i t y  o r  i n s t a b i l i t y  of coupled o r  any 
o t h e r  equilibrium paths may be determined when energy Posses 
i n  t h e  process of buckling are  neg l ig ib l e .  
Geometrically imperfect 
-4- 
PERFECT SYSTEMS 
1. REPRESENTATION OF DISCRETE SYSTEMS 
I +  
I 3  
I 
The system consists of an elastic body which is composed 
of discrete elastic elements or stations connected in some 
way so that the aggregate constitutes a physical structure. 
The body is subjected to a conservative field of force, and 
it is conceived in such a way that interaction with this 
field occurs at discrete points within its structureo Usu- 
ally these points are coincident with the joints between 
the constitutive elements but not necessarily SO. The 
masses in the system are then concentrated at the points of 
application of the field of force. An example may be a 
reticulated surface which consists of light bars or a shell 
represented by discrete localized elastic stations connected 
together so that concentrated masses are localized at the 
points of connection. 
Elastic deformations of a discrete system are defined 
by a finite number of quantities Qi referred to as the gen- 
eralized coordinates of deformation. This concept is not 
new, and it was in current use already in the last century 
(e .go  Lagrange ) . Generalized coordinates may represent 
rotations or displacements at localfzed points on the body, 
Thus the elastic energy is completely defined by the co- 
ordinates Qio 1=l02, . e .  on. 
We relate the generalized coordinates of the system to 
-5- 
t h e  f i e l d  of force  using the concept of conservation of 
energy. Denoting the  t o t a l  energy of the system by E w e  
have 
Here 
L e t  
between states I and I1 
JE = ~u + BH + JT + e (dse +6s i )  
6U. . .change i n  e las t ic  energy 
&Ia . e .change i n  poten t ia l  energy i n  the field of force  
6.T. e . .change i n  k i n e t i c  energy 
bSe0 . .entropy flow from the e x t e r i o r  
bSi0.#entropy production i n  the  i n t e r i o r  
0 . . , .absolute temperature 
6’V = 6U + 8H 
the  change in  the  t o t a l  po ten t i a l  energy of the system, 
Contemplating conservative sys t ems  w i t h  neg l ig ib l e  entropy 
changes, ( I )  reduces t o  
JE = 6 V  + 8T = 0 ( 3  
If t h e  change 8T vanishes between two l imi t ing  states I and 
I1 then the system is e i the r  in  a state of uniform motion or 
i n  a state of s t a t i c a l  equilibrium, The necessary condition 
f o r  equilibrium is theref ore 
(yvy = 0 (4 1 
i , e .  t ha t  the t o t a l  po ten t i a l  energy funct ion has a s t a t ion -  
a ry  value,  
The f i e ld  of force  i s  defined i n  loca l ized  regions a t  
d i scre te  poin ts  of the system, The amount of work necessary 
t o  displace a concentrated mass i n  t h i s  f i e l d  by a small 
=6 - 
amount Js,, k=1,2,3 between two adjacent points  on a path is 
given by 
S\H = - F~ tski sum on k ( 3  1 
where Fk is defined as the loca l  force of the  f i e l d .  
f i e l d  i s  said t o  be loca l ly  conservative i f  t h i s  work is 
The 
independent of the path taken,but it depends only o n i t s  termi- 
n a l  points .  Subs t i tu t ing  in to  ( 2 )  w e  obtain 
s v  = - Fk ' 8  'k (6 ) 
The summation now extends over a l l  the  components a t  d i f -  
f e r e n t  points  i n  the system. In appl icat ions po ten t i a l  
f i e l d s  are usual ly  uniform so t h a t  the gradient  vectors  a re  
parallel or  constant l oca l ly ,  However, i n  d i f f e r e n t  regions 
these vectors  need not  be parallel  t o  one another.  
Consider first the pa r t i cu la r  case when these gradients ,  
and therefore  the local ized conservative forces ,  a r e  propor- 
t i o n a l  t o  a s ing le  parameter P o  It is assumed t h a t  the 
displacements tsk are a d i r e c t  consequence of e l a s t i c  defor- 
mation and therefore  functions of the generalized coordinates 
Qi. Then ( 6 )  may be wr i t ten  
Since now Fk is a l s o  a function of P, the  t o t a l  po ten t i a l  
energy function V takes  t h e  form 
In the continuation o f  t h i s  discussion we confine our 
a t t e n t i o n  t o  systems which are symmetrical w i t h  regard t o  the 
v a r i a t i o n s  qi i n  a l l  - the  coordinates Q, at a given s t a t e  
* 
J 
~ 
I 
-7- 
defined by Qio and Poo To t h i s  end w e  wri te  
( 9  1 0 V = Vo + v = V (Po + p, Q, i- q i )  
The condition of complete symmetry requires  t h a t  
V (Po + Ps Qio + qi) = V (Po * p e  Qio - 91) (10) 
f = f b Z O e s . ) n  
Equation ( 3 )  m a y  be wri t ten 
8 T = - v  ( 3  Ibis 
where v is measured from some fundamental s t a t e .  Then &! is 
pos i t i ve  only when v is negative,  If v I s  pos i t ive  I n  the  
e n t i r e  adjacent physical  neighbourhood of t h i s  state k ine t i c  
energy cannot be generated within the  system. Consequently, 
unstable  motion m a y  only develop from a state of equilibrium 
a t  which the change i n  the t o t a l  po ten t i a l  energy may become 
negat ive . 
This concept m a y  be used t o  analyse the i n s t a b i l i t y  and 
s t a b f l i t y  of e l a s t i c  systems (Br i tveea  1960) i f  the va r i a t ion  
v of the t o t a l  po ten t i a l  energy funct ion of the system is 
represented i n  a Taylor s e r i e s  by the increments qf i n  the 
coordinates  Q,. 
(4 )  which I s  equivalent t o  
Equilibrium paths are defined by oonditfon 
b V / b q i  = = 0 ; i=1,2,3g**v,1 (11) 
To explore a general  symmetrical system the energy 
funct ion V (P9Qi) is wri t ten  in  s e r i e s  form at  a fundamental 
equi l ibr ium s t a t e  QiooPo, Thus 
v iq i  + $ 1  v i j q i q j  + $ 1  Vijkclfqjqk + ti V i j k l q f q j q k s l  
f q q + 0 0 0  
+ c vP * q1 + Z! vpi3 i j 
+ a  o a o a o o o . . a e  
sum on i,3,k,l = 1,2s..een 
etc. denote the partial deriva- where vi = bv/bQir vpI = bm-, 
tives with respect to the coordinates Q, or qi and p.  
librium conditions in the state qi E 0 are satisfied if vi = 0, 
l=l,Z,...,n. If this state is realized at no prior deforma- 
tion of the body, point (P0,Qio) must lie on the P-axis, 
b2V 
Equi- 
Consequently 
fore 
p is not necessarily zero when qi = 0 and there- 
- vi = v = v  - ............ = 0 
Pi PPI (13) 
Similarly, if no changes in the potential energy occur with- 
out elastic deformation 
- v = v  = v  - ............ = 0 
P PP PPP 
Then (12) reduces to 
+ ............ 
When the variations qi are sufficiently small,, the quadratic 
form 
determines the sign of v and therefore the stability of 
equilibrium in the fundamental state, 
This form is expressed as a sum of squares by introducing 
in the fundamental state a set of eigenvectors b which define 
the axes of the local principal coordinate system u 
3 
In the 3 "  
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case of a symmetrical system this step is not essential in 
the critical state only since the coefficients V vanish on 
account of symmetry. However, in the subsequent stability 
analysis orthogonal principal systems play an important part 
as it is convenient to retain Cartesian coordinates whenever 
possible. We recall briefly the essential steps in the 
development of the necessary machinery, 
13 
First, the eigenvalues Xk of the local stability matrix 
[Vi3) or [vi3] and the corresponding eigenvectors bk are 
determined from 
and 
For all eigenvectors this condition becomes 
[Vi4] B - B A = 0 
where the columns of B are the eigenvectors $k and the ele- 
ments of A , the eigenvalues X,, If bk are orthogonal unit 
vectors in the directions of the local principal axes Ukp 
then BTB = I, where I is the unit matrix. Hence 
Putting q = Ba, the clominant quadratic form in the expression 
for v becomes 
sum on i = 1 D 2 a e e o g n  
-10- 
where now the coefficients Vii represent partial derivatives 
of V with respect to the new coordinates ui. 
on the fundamental (or another) path the quadratic form 
At a new point 
clearly resumes its non-diagonal form since the coefficients 
ViJ increase or decrease from zero. 
local orthogonal principal axes are introduced at the new 
Therefore, if again 
point, these axes are rotated in relation to the orthogonal 
axes at the previous point. It can be shown that only one 
quadratic form in the series may be diagonalized using a 
single set of orthogonal eigenvectors if no restrictions of 
commutation are to be imposed on the matrices in other forms, 
The series (14) is now similar except that the qi are 
replaced by the ui and that the derivatives are evaluated 
with respect to the new coordinates, The coefficients X k O  
usually referred to as the local stability coefficients, are 
assumed to be initially positive on the P-axis. 
Suppose now that all the stability coefficients Xk 
vanish simultaneously in a critical state. The coordinates 
ui are then said to be all-critical, The energy expression 
(14) takes a particularly simple form since all the deriva- 
tives of V with respect to the odd powers of ui vanish on 
account of complete symmetry. 
-11- 
2 EQUILIBRIUM STATES 
a 
The f i rs t  order equilibrium conditions f o r  the  completely 
symmetrical system are derived from (11) and (14), Put t ing 
Vii = 0,  i = 1 9 2 , 0 0 0 p n p  
The t r i v i a l  so lu t ion  ud = 0, d=1,2, . a ,n implies t h a t  the P- 
axis i s  an equilibrium path,  Other uncoupled so lu t ions  are 
possible ,  f o e .  ud # 0, ui = O o  i = 1 , 2 p o o o , n D  i # a o  
i n  the coordinate planes ( p , q )  and take the approximate form 
These occur 
The non- t r iv ia l  so lu t ion  is obtained on el iminat ing p from two 
equations vd = 0 and v = 0, 0(=1p200.0 ,n ,  d # x  and put t ing  
Thus (n-1) l i n e a r  equations are obtained 
8 
2 ui = x i  and 8 = 1, 
i n  the form 
1 - -  v 1 (Tt v P w v l l l l  2 I P1lvuocll)xl 
sum on i = 2 D 3 , e o o p n :  if a( 
where xl is  now a reference coordinate, 
the  form 
The so lu t ion  takes 
are known constants ,  The path parameter is  then given by ‘kl 
w i t h  V p i i  < 0. sum on i = l p Z p . o o ~ n  
-12- 
The orthogonal projection of' the coupled path in the 
(p,x,) plane is a line and in the (p,ul) plane a parabola, 
Figures 1 and 2. It can be shown that the rising paths may 
now be stable or unstable, whereas the falling paths are 
always unstable, In a given mode of buckling all the co- 
ordinates of deformation are coupled to the same order of 
iijj may magnit\;de. In many systems the coefficients V 
assume several sets of values in the all-critical state: 
therefore several modes of buckling, involving the general- 
ized coordinates in different ways, may be possfble. A 
particular class of such systems is described in references 
4 and 5. 
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4. SEVERAL LOAD PARAMETERS 
Sometimes it is of i n t e r e s t  t o  explore the system when 
the  f i e l d  of force at d i f f e ren t  points  of appl icat ion depends 
on several  independent parameters PI. 
the  case when the number of l o a d  parameters corresponds t o  
the  number of degrees of freedom expressed by the coordinates 
ui, so  t h a t  any s t a t e  of deformation defined by ui may be 
also a state of equilibrium under a corresponding s e t  of 
parameters PI .  T h i s  correspondence is considered i n  the 
behaviour of the system near the a l l - c r i t i c a l  state, Accord- 
ing t o  ( 6 )  and ( 7 )  we have f o r  equilibrium 
Consider, therefore ,  
d = l 9 2 , . . . , n  
where now d i f f e r e n t i a t i o n  I s  with respect  t o  the coordinate 
Using the  concise notation th i s  m a y  be wr i t ten  
uc( 
Vd = uoc - Fk (PI) (Skid = 0 (21a) 
l,d=lo2, . . o ,n  
sum on k= l ,2 ,  . . ,n 
If the  conservative forces  Fk a r e  functions of the  parameters 
PI, 1=1,2,.. . ,n, the n equations (21 )  contain n independent 
q u a n t i t i e s  and they may be, therefore ,  d i f f e r e n t i a t e d  par- 
t i a l l y  w i t h  respect  t o  a coordinate ub* 
t h a t ,  given a s e t  of coordinates Q, a( =1,2, . . , ,n, which 
de f ine  the deformations of the e l a s t i c  body i n  a s t a t e  adja- 
cent  t o  the  fundamental s t a t e  considered, n forces  Fk ( o r  
T h i s  a l s o  means 
-15- 
parameters P1) can be found from these equations so t h a t  
equilibrium of the system i n  the adjacent  state is possible .  
(It is assumed here t h a t  t he  re la t ionships  between Fk and P1 
a re  such t h a t  P1 a re  t h e  r e a l  roo ts  of Eq. 21 and a l s o  tha t  
no s i n g u l a r i t i e s  a r e  associated w i t h  the  adjacent s t a t e p  so 
t ha t  a l l  the  partial  der ivat ives  evaluated i n  t h i s  state are 
f i n i t e . )  
obtain tha t  on an equilibrium pa th ,  
Di f fe ren t ia t ing  now Eq, (25) wi th  respect  t o  up we 
o r  
Therefore v may be expressed along an equilibrium path by 
The adjacent states of equilibrium are now real ized by means 
of s l i g h t  changes i n  the parameters Pi" 
c r i t i c a l  state, v 
0 ,  as the  other  quan t i t i e s  are general ly  non-zero, By (21 )  
then,  a l s o  Ud = 0 a t  ud = 0, f e e .  the r a t e s  of the  correspond- 
i n g  displacements of the points of force and the Pate of the 
i n t e r n a l  energy w i t h  respect t o  the  coordinates of defoma- 
t i o n  vanish i n  the  a l l - c r i t i c a l  s t a t e ,  
Sinceo i n  the a l l -  
= 0, it follows t h a t  i n  t h a t  s t a t e  (sk) - d(s d- 
Equilibrium condition ( 2 1 )  may be wr i t ten  
Therefore, i f  ud is generally non-zero, 
-16- 
Further differentiation in states of equilibrium yields, 
Then on a path of equilibrium states 
If the parameters P1 are identified with the forces FkD the 
last result m a y  be written 
Hence we deduce 
Theorem ( i ) r  The alf-critical equilibrium state of a com- 
pletely symmetrical system is unstable if in an adjacent 
equilibrium state, defined by the corresponding displacements 
v = 71 1 &Fk 0 SS, 6s,, 
is negative, where the system may be maintained in equilibrium 
by the forces Fk + hk0 
Theorem (ii)o If in all adJacent states of the all-critical 
state v = 1 6Fk 8sk 
is found to be positive, equilibrium in that state is stable, 
I '  
-1'7- 
( I t  is implied that  equilibrium of the system may be realized 
by the parameter changes 8Pk i n  the entire physical space uiO 
i = 1 , 2 , 3 ,  ,ne Neutral equilibrium may occur t o  the accu- 
racy of the analysis i f  v = 0 i n  the adjacent states. Special 
forms of the last two theorems were obtained i n  reference 5 .  
-18- 
GEOMETRICALLY IMPERFECT SYSTEMS 
COUPLED BUCKLING 
An all-critical state may not  always be realized under 
geometrically imperfect conditions in an otherwise completely 
symmetrical system, Presence of distinct types of imperfec- 
tions may be responsible for slight differences in the criti- 
cal stability coefficients hi. 
impair the conservative nature of the system. Adjacent 
critical states, corresponding to different generalized 
These Imperfections need not 
coordinates, may, thus, accumulate on the fundamental equi- 
librium path. 
affected or generated so that several modes are coupled in a 
simultaneous onset of stable or unstable buckling. Similar 
situations may occur under perfect conditions In other elas- 
tic systems which are not discussed at present. To demon- 
strate the different equilibrium and stability properties of 
slightly imperfect symmetrical systems prone to coupled 
buckling, we consider the particular case of a system with 
two degrees of freedom, when the variable local stability 
coefficients ), 
fundamental path. 
In this way other equilibrium states may be 
and A, vanish at two adjacent points on the 1 
-19- 
COUPLED EQUILIBRIUM PATHS 
I .  
i 
l w  
Forms of equilibrium paths of t h i s  type have been 
analysed by Chilver' and Supple2, and the  reader  is referred 
t o  t h e i r  work concerning the equilibrium analysis  which is 
only referred t o  when e s sen t i a l  differences i n  the methods 
occur. It is an advantage t o  r e t a i n  i n  the  subsequent 
ana lys i s  t he  l o c a l  ro t a t ing  Cartesian coordinates,  s ince 
otherwise ana ly t i ca l  operations must be adapted t o  coordinate 
axes w i t h  varying obl iqui ty .  
L e t  the  dominant quadratic form i n  the  expression (14) 
f o r  v be given by 
where now t h e  primed coeff ic ients  denote partial d i f f e ren t i  a- 
t i o n  wi th  respect  t o  q1 and 92"  
po in t  on the  fundamental p a t h  the  s t ab i l i t y  coef f ic ien t  
r e fe r r ed  t o  the  l o c a l  p r i n c i p a l  orthogonal axes ui vanishes. 
Suppose at the first c r i t i c a l  
Then X1 is the root  of the equation 
v;l - A, v;2 
v '  22 - A, 
= o  
L e .  
8 I 
This  occurs when -VI1 V22 + V;22 = 0. 
coe f f i c i en t  is 
The second s t a b i l i t y  
-2 0- 
1 r  t t I ' 2 ' = Vll+v2* = A, = p11+v22) + IT(v11+v;2) - vi1 v22 + V12 J '  
A t  t h i s  p o i n t h 2  is supposed t o  be pos i t ive .  
coe f f i c i en t s  now denote par t ia l  d i f f e r e n t i a t i o n  w i t h  respect 
Unprimed 
t o  the new orthogonal coordinates ui. 
form becomes i n  the new coordinate system 
The dominant quadrat ic  
and the  expression f o r  v, s imi la r ly  t o  (14.1, 
2 1  1 
= $ 1  'ii ui + 71 'ijk ui '3 Uk + 61 ' i jk l  ui u3 Uk u1 + 
Consider now the  poss ib i l i t y  t h a t  in  the  l o c a l  ortho- 
gonal coordinate system t h e  second s t a b i l i t y  coe f f i c i en t  
(A2 + &A2)  vanishes. 
t he  second c r i t i c a l  point a r e  the  r o o t s  of the equation 
The loca l  s t a b i l i t y  coe f f i c i en t s  at  
where Vll = 0. On the  P-axis t he  f i rs t  order va r i a t ions  a re  
3 where V q q m  = & V / h ~ ~ b p ,  e t c .  and AP is the  parameter d l f -  
A A P  I 
ference between the two c r i t i c a l  s t a t e s ,  Put t ing = 2,  
-21- 
If a the  var ia t ions  8 V  
ordey solut ion y ie lds  
are of the same order,  the first -1 3  
-v22 (8v22 - 8h2)  = 0 
Hence 
6h2 8V22 Vp22 AP + ( 3 3 4  
8x1 = S V l 1  = V p l l  AP + 
and s imi la r ly  
!33b) 
Be d e f i n i t i o n ,  at the second c r i t i c a l  point  
A2 + SA, = V22 I= Vp22AP + m e e  = 0; 
The approximate equilibrium equations of t he  two-degree of 
freedom system may be deduced from (31) using ( I f )  and the 
last r e s u l t ,  i .e .  
- 3* v*11vp22 AP (36 1 
Since now the l o c a l  eigenvectors a r e  orthogonal, e l fmf -  
na t ion  of uf from these equations y i e lds  the orthogonal 
pro jec t ion  of the coupled path i n  the  (p lug )  plane,  Thus 
~ ( ~ 1 1 1 1 ~ p 2 2  - 3V1122 V p d  = V i 1 1 1  Vp22AP - 71 (v fill V2222 - 
-22- 
and s i m i l a r l y  the orthogonal project ion i n  the  (p,ul)  plane, 
Equilibrium equations obtained i n  t h i s  case by Chilver 
and Supple using Cartesian analysis  and coordinate axes w i t h  
varying obl iqui ty  are the  same t o  the  f irst  order accuracy 
on account of symmetry, V being fo r tu i tous ly  zero. The 
uncoupled equilibrium paths are obtained from (35) on s e t t i n g  
P i 2  
a l t e r n a t i v e l y  u2 = 0 and u1 = 0 .  
8 
I 
I 
-23- 
6 .  STABILITY OF EQUILIBRIUM I N  THE COUPLED MODES OF BUCKLING 
S t a b i l i t y  of an equilibrium s t a t e  a t  constant value of 
the  load  parameter depends on the  l o c a l  change Av i n  t he  t o t a l  
p o t e n t i a l  energy w i t h  respect t o  the  l o c a l  va r i a t ions  hi i n  
the  generalized coordinates ui. 
l ibrium is non-cr i t ical :  therefore  it s u f f i c e s  t o  represent 
t h i s  change by the dominant quadratic form i n  the  local ized 
neighbourhood of the equilibrium poin t ,  If bv assumes a 
Generally the  l o c a l  equi- 
negative value f o r  at least one independent va r i a t ion  hip 
then by (3)bis  conversion of the  t o t a l  po ten t i a l  i n t o  k i n e t i c  
energy is l o c a l l y  possible and therefore  equilibrium at the 
given point is unstable ,  Thus 
The coe f f i c i en t s  v may be found from (31). Then, at point  
13 
( P ,u1,u2 1, 
p l l  u 2  + v  vll = v1122 u2 + vllll 1 
2 
We diagonalize t h i s  form by introducing the p r inc ipa l  
coordinates {il re fer red  t o  the  base of orthogonal u n i t  eigen- 
vec tors  bI at the  pofnt (p,u1,u2). 
t h e  vectors  b then BTB = I, The correeponding s t ab i l i t y  
c o e f f i c i e n t s  a r e  the  roots  of the  equation 
If the  columns of B a re  - 
3' 
3 
-24- 
local stability matrix [ vij] by 
(tl \) = A  Putting h = B C ,  
J 
(IS), fee, BT [vij] B = 
the expression f o r  bv becomes 
Then, if the system is in equilibrium at the point (pvu1,u2) 
this equilibrium is unstable if either X1 or A, or both are 
negative, 
According to (41a) and (bib), three possibilities arise: 
( 0 ;  12 (11) - vllv22 + v  
I 
Otherwise XI and13 are not 
then hl < 0 ,  whether (vll + v22) 
is positive or negative, 
then A, < 0 and A, < 0, provided 
that the discriminant is positive, 
This requires 
- 
+21/v11 v22 - v122 1 
real. To determine the instability 
-25- 
l a  
of an equilibrium path  conditions (i) and ( i f )  must be 
satisfied on tha t  path.  S i m i l a r l y ,  on a s t a b l e  path the  
s t a b i l i t y  condition (ili ) must be f u l f i l l e d .  Subs t i tu t ing  
f o r  the coef f ic ien ts  v t o  be evaluated on the paths ,  t h e  
t h ree  conditions become t 
13'  
f 2 
3 v2222u2 
Subs t i tu t ing  f u r t h e r  
2 2 2  
+ :I V1122U121 4 v1122 u2 
t h e  equilibrium equations ( 3 5 )  i n t o  
t h i s  c r i t e r i o n  we obtain on the coupled paths tha t  
where u1 and u2 a r e  the coordinates of the path., 
i f  ul and u2 a re  non-zero, the first i n s t a b i l i t y  condi t ion is 
independent of the coordinates of the coupled paths and it 
Therefore, 
of the depends only on the constants V f l l l ~  v2222 and Vl122 
system. 
i d e n t i t y  which implies t h a t  at  the pa r t i cu la r  point  on the 
path hi = 0 and A, = vll + v 
a t  t h e  points  of intersectfon of the coupled path wi th  the 
(p ,u2)  plane A, is the  c r i t i c a l  s t a b i l i t y  coef f ic ien t .  
po in ts  correspond t o  the  secondary branching points  on the 
uncoupled paths i n  the (p,u2)  plane,  A s f m i l a r  conclusion 
follows f o r  the branching points on the uncoupled path i n  
If u1 = 0 and u2 f 0 the last inequal i ty  becomes an 
# 0, Therefore 2 l V  22 = 7 2222u2 
These 
f 2 
the (ppu,)  plane,  when hi = 0 and A, = r, VIIIIu1 , Otherwise 
1--1 
X1 is alwayg negative on the coupled path s ince (43) is then 
of one sign, T h i s  means vanishes i n  the secondary c r i % i c a l  
states but does not  -change sign, 
1 
Therefore, the coupled path 
-26- 
has s ta t ionary  values a t  these points  which represent  
coincident equilibrium states. So far nothing is said about 
the  vanishing of x2. 
(ii) The second i n s t a b i l i t y  condition evaluated on the paths 
requi res  
where ul and u2 are again the  coordinates of the coupled 
paths. On completing the squares t h i s  expression transforms 
2 
V1f22 
+9*-p1 
v2222 v2222 v2222 
In the equilibrium state ul = 0 and u2 f 0 on the path hi  = 0 
< 0, Therefore X1 is again the c r i t i c a l  1 and A2 = 3 v2222u2 
s t a b i l i t y  coef f ic ien t  a t  the points  of i n t e r sec t ion  of the 
coupled path w i t h  the (p,u,) plane. 
s i m i l a r l y ,  
correspond t o  the four  branching s t a t e s  on the uncoupled paths 
i n  the (p,u2) and (p9ul)  planes. 
When u2 = 0 and u1 f 0, 
= 0 and A, = 7Valllui 1 4 0. These points  
U Otherwise X1 and A, a r e  
always negative on the coupled path which is therefore  every- 
where unstable ,  & may vanish if (45) becomes an i d e n t i t y  
and i f  (46) vanisheso but  the last condition can yie ld  no 
U 
The proof that t h e  coupled and uncoupled paths meet and 
t h a t  uncoupled paths may exchange t h e i r  s t a b i l i t y  at  secondary 
branching points  is omitted here,  
-27- 
r e a l  so lu t ions  f o r  u1 and u2 on the path,  
(iii) The s t a b i l i t y  condition wr i t t en  on the path is  
~ 1 2 ~ 2 ~  ( 1 1 1 1 ~ 2 2 2 2  - 9~1122  ,  > O  (44 )bi s 
On completing the squares t h i s  becomes 
or  I 
L L 21 v2222 Fu2 - u j V l l 1 1  v2222 2222 v2222 Vlf22 2 - 9 v 2 ; )  + 9 -2'u1 > o  
Conclusions regarding the secondary branching points  when 
hl = 0 are similar as i n  the last ease only now A 2  = 3V2222u2 
> 0, at ul = 0 ,  u2 f 0, and h2 = 3Vlfllu1 > 0 at  u2 = O b  
u1 # 0. Otherwise X and A are pos i t ive  everywhere on the 
coupled path which is therefore  stable,, 
1 2 
1 2 
1 2 
The last three conditions lead t o  
Theorem (iii 1 s  
t he  c r i t i c a l  states on the path, equilibrium of a two-degree- 
If (V1111V2222 - 9v1122~) > 0, then excluding 
of-freedom system i n  the  coupled mode of buckling is stable 
everywhere on the  path provided Vllll > 0 and unstable  i f  
vlli14 O, where vllll and v2222 must have the same sign, 
We consider next several  possible  forms of coupled 
buckling. 
CASE (i.1 It is readf ly  ver i f ied  by (36) t h a t  the orthogonal 
pro3ection of the  coupled paths i n  the (ul,u2) plane is an 
el l ipse i f  
-28- 
The project ion of the coupled paths i n  the (p,u,) plane is 
convex upwards, (37a),  i f  VllllV2222 - 9V112z2 .( 0. Then, 
i n  the (p,ul)  plane t h i s  project ion is convex downwards, 
S ime t h i s  condition is synonymous w i t h  the  first i n s t a b i l i t y  
condition, such a path i s  unstable.  
9v11,22 > 0, the pro3ection of the coupled path i n  the (p,u2)  
When VllllV2222 - 
plane is convex downwards and i n  the (p,ul)  plane upwards, 
< 0 the path is (37a)  and (37b). If Vllll 4 o  and v2222 
> O and v2222 unstable  by the second condition, and i f  Vllll 
> O  it is s t a b l e  by the t h i r d  condi t ion,  
Theorem ( iv ) :  
case (i) is r i s i n g ,  i , e ,  i f  V2222 > 0 ,  the lower uncoupled 
path must a l s o  be r i s i n g ,  i .e .  Vllll > 0, 
path is stable i f  
If the higher uncoupled path of the system i n  
The closed coupled 
2 
vl111v2222 gV1122 > 0; U l i U 2  f 0 
and unstable  i f  
~ 1 1 1 1 ~ 2 2 2 2  - 9 ~ 1 1 2 2 ~  < 0 
Figures 3 and 4. 
Theorem (vl: If the higher uncoupled path of 
case (i) is falling, v~~~~ 4 0, and the lower 
> 0, the closed coupled path is r i s i n g ,  vllll 
since 
CI 
the system i n  
uncoupled path 
always unstable  
< 0: ul”2 f 0 v1 1 1 lV2 222 - 9v1122 
Theorem ( v i ) :  If both uncoupled paths of the system i n  case 
/ 
P 
I 
1 
I *  
FIGURE 4 
>O 222 
or. ,  e 
\ 
Ul / 
P 
/ STABLE 
U N STA BL E ---- 
u2 
>O 
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( i )  a re  f a l l i n g ,  the closed coupled path is always unstable .  
CASE (ii): The project ion of the coupled 
plane is a hyperbola cu t t i ng  the ul-axis. 
3v1122vp11 - V1111Vp22 ’ 
3v1122vp22 - V i i i P p i i  
paths i n  the  (ul ,u2) 
Then 
0 
0 
In conjunction with (37a) and (37b) we deduce: 
Theorem ( v i i ) :  If both uncoupled paths are r i s i n g ,  i , e .  
Vlii1 > 0 ,  V2222 > 0 ,  and V1122$ 0, the coupled path branch- 
ing  from the lower uncoupled path is a l s o  r i s i n g  i f  V1111V2222 
- 9v1122 > O  and f a l l i n g  i f  t h i s  quant i ty  is negative.  
ing t o  Condition (iii) the  r i s i n g  path is s t ab le ,  c r i t i c a l  
states excepted, and the  f a l l i n g  path is c lea r ly  unstable ,  
Theorem (viii)o 
2 Accord- 
If both uncoupled paths are f a l l i n g ,  Vllll<0, 
< 0 and therefore  VllZ2 40, t h e  coupled path branching v2222 
from the lower uncoupled path is f a l l i n g .  According t o  (43) 
t h i s  path is unstable .  
Theorem (fx)r If one uncoupled path is f a l l i n g  and the  other  
r i s i n g ,  the  coupled paths branching from the lower path are 
a l w a y s  Palling. Then condition (i), (43).  is always satisfied 
and the coupled paths a re  c l ea r ly  unstable.  
CASE ( f i i ) o  
of the coupled paths is a hyperbola cu t t i ng  the u2-axis. 
The orthogonal project ion i n  the (u1,u2) plane 
Then 
4 0  3v1122vp22 - v2222Vp11 
I T  
-3 0- 
From these inequa l i t i e s  and the equilibrium conditions (36, 
37) we deduce: 
Theorem (x)) If both uncoupled paths a r e  r i s ing ,  Vllll) 0, 
VZ222> 0 and VllZ2> 0,  t he  coupled path,  branching from the 
higher uncoupled path, i s  always r i s i n g .  
9v1122~< 0, and the  r i s i n g  coupled paths are always unstable.  
Theorem (xi); If both uncoupled paths are f a l l i n g ,  V < 0 ,  
V2222 .( 0 , and Vi122 3 0, the coupled path,  branching from 
2 the  higher uncoupled path, i s  r i s i n g  i f  V 
Then, VllllV2222 - 
1111 
1111'2222 - 9'12 
2 > 0. According t o  - 9v1122 (0 and f a l l i n g  i f  VllllV2222 
condi t ions (i) and (ii) these paths a re  always unstable .  
Theorem ( x i i ) :  If one uncoupled path is f a l l i n g  and the other  
r ising, 1 .e . , If vllll<o, v2222 > O Or vllll>o, v2222 ( 0 ,  the  
coupled paths, branching from t h e  higher  uncoupled path,  are 
always r i s i n g .  According t o  c r i t e r i o n  ( i )  these paths are 
always unstable  . 
These r e s u l t s  demonstrate the exis tence of stable 
unstable  coupled equilibrium paths and the occurrence of 
secondary branching points  i n  the proximity of two ( seve ra l )  
c r i t i c a l  states i n  a system with two (several) degrees of 
freedom. A n  exchange of s tabi l i t ies  does not  necessar i ly  
take place at  secondary branching points  on the  coupled 
. 
paths,  as it may on the uncoupled ones. S i m i l a r  conclusions 
regarding the r i s i n g  and f a l l i n g  character  of coupled paths 
i n  a two-degree-of-freedom system were reached indepenciently 
by Supple. The author,  however, does not  analyse the  sta- 
b i l i t y  of equilibrium i n  the coupled modes of e l a s t i c  buckling. 
-31- 
The instabi l i ty  or s t a b i l i t y  of the uncoupled paths, or any 
other equilibrium paths in more complex systems, may be found 
similarly according t o  the method outlined i n  t h i s  sect ion.  
-32- 
7.  EXAMPLE 
The theory is i l l u s t r a t e d  on a plane two-degree-of- 
freedom system consis t ing of two elastic bars of i n i t i a l  
length L, F ig .  5. The moment of i n e r t i a  I of the eross- 
sec t ion  of bar ( 2 )  is  s l i g h t l y  higher than t h a t  of bar (1). 
Thus, E12 = EI1 + E a .  The s y s t e m  is loaded w i t h  a v e r t i c a l  
load P. The first  c r i t i c a l  state occurs when the Euler load 
is real ized i n  bar (1) and the  second, s l i g h t l y  higher, when 
t h i s  occurs i n  bar ( 2 ) .  Then coupled buckling may r e s u l t  on 
account of the geometrical discrepancy AI which may be 
regarded as the %oupling imperfection1t i n  the system. A 
s i m i l a r  s i t u a t i o n  would occur i f  t he  i n i t i a l  lengths of the 
bars were s l i g h t l y  d i f f e ren t .  The system may be analysed 
s i m i l a r l y  as In reference 4. (The reader is referred t o  
reference 4 for d e t a i l s  of t h i s  analysis .  ) 
It may be shown t h a t  the va r i a t ion  v i n  the t o t a l  
p o t e n t i a l  energy from the f i r s t  c r i t i c a l  state equals 
where 
SI = (for bar 1) E 1  
change i n  P between the two c r i t i c a l  states q 2 ~ ~ ~  A P  = h '7 ...... 
nP = m/sl 
h 2  
p . . . . increment above Po = I '  Lz 
P 
AI 
FIGURE 5 
P 
1 V Fu2 
/ 
FIGURE 6 
u, 
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Comparing t h i s  w i t h  (14.1, (31) o r  (35), w e  observe t h a t  now 
The coe f f i c i en t s  s a t i s fy  the inequa l i t i e s  i n  case (iii); there- 
fo re  the coupled paths a re  hyperbolic. Since i n  t h i s  case 
v l l l l v 2 2 2 2  - 9v11222 = - %n4 0, (51) 
then according t o  Theorem (xi), the  coupled paths a re  r i s i n g  
and unstable.  The r e s u l t  is shown i n  Fig. 6 ,  The uncoupled 
paths  a re  given by 
o r  i n  terms of the f l e c t u r a l  contractions el  and e2 and p by 
.- 
(53 1 
p = AP - ';r PE e2 
2 where e/L = u /4. 
In p rac t i ce  the  coupled modes i n  t h i s  case may be 
r ea l i zed  only under controlled conditions.  Usually the 
system develops unstable motion i n  the lower uncoupled mode. 
-34- 
CONCLUSIONS 
In the case of a single load parameter several equi- 
librium paths may exist near an all-critical state of a 
completely symmetrical system, 
are approximately parabolic in form when this state is 
Uncoupled and coupled paths 
realized simultaneously by all generalized coordinates. 
Rising paths, in this case, may also be unstable, 
In the presence of distinct types of geometrical imper- 
fections within the system accumulation of several critical 
states may occur, This gives rise to other equilibrium 
states which form continuous open or closed paths connected 
to the uncoupled paths at the secondary branching points. 
Occasionally coupled paths may be stable, but more often they 
appear to be unstable. These conclusions are based on the 
study of the two-degree-of-freedom-systems. Geometrical 
deviations from perfection which may induce coupling 
between two or several freedoms of deformation are referred 
to as coupling imperfections, These should be distinguished 
from other imperfections which only influence the uncoupled 
modes of elastic buckling ( e . g ,  references 6 and 7). 
The stability analysis outlined in section (6) may be 
extended to more complex systems in the same way, although 
in the absence of order disparities in the coordinate spacer 
algebraic evaluation of local stability coefficients and the 
corresponding instability zones may become involved beyond 
systems with three degrees of freedom, However, numerical 
-35- 
techniques may be envisaged in t h a t  respect .  The method i s  
e a s i l y  verifiable on simple model systems such as tha t  i n  
sec t ion  ( 7 ) .  
In the presence of a required number of load parameters, 
equilibrium states i n  the v i c i n i t y  of an a l l -c r i t i ca l  state 
may be rea l ized  within the physical coordinate space of the 
system i n  an i n f i n i t e  v a r i e t y  of ways. Then, under control led 
conditions and negl ig ib le  losses theorem ( i )  may be used t o  
measure the  conversion of the t o t a l  po ten t i a l  energy within 
the system and thereby t o  e s t a b l i s h  experimentally i t s  l o c a l  
i n s t a b i l i t y  i n  a pa r t i cu la r  mode of e l a s t i c  deformation, 
-36 - 
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